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Consider the system shown in Figure 1. Each body has unit mass, and is connected to each
of the other bodies by a spring of constant unity, and by a dashpot of constant c. Motion
takes place in the horizontal direction. The displacements of the bodies are x1, x2 and x3.

The forces acting on body 1 are shown in Figure 2. The equation of motion of body
1 is

ẍ1 = x2 − x1 + x3 − x1 + c(ẋ2 − ẋ1)+c(ẋ3 − ẋ1). (1)

Similarly, the equations of motion of bodies 2 and 3 are

ẍ2 = x3 − x2 + x1 − x2 + c(ẋ3 − ẋ2)+c(ẋ1 − ẋ2), (2)

ẍ3 = x1 − x3 + x2 − x3 + c(ẋ1 − ẋ3)+c(ẋ2 − ẋ3). (3)

Adding equations (1)–(3),

ẍ1 + ẍ2 + ẍ3 =0, (4)

Integrating,

ẋ1 + ẋ2 + ẋ3 =0. (5)

Integrating again,

x1 + x2 + x3 =0. (6)

Setting the constants of integration equal to zero eliminates an overall rigid body mode.
Equation (5) may also be obtained from conservation of momentum. Substituting
equations (5) and (6) into equation (1) yields

ẍ1 +3cẋ1 +3x1 =0. (7)

If we have n bodies rather than three, equations (5)–(7) become

Figure 1. The system.
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Figure 2. The forces acting on body one.
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ẋi =0, (8)

and

ẍi + ncẋi + nxi =0, i=1, . . . , n. (9)

The solutions of equations (9) are

xi =e−(nc/2)t{bi/q+ ainc/2q} sin qt+e−(nc/2)tai cos qt, i=1, . . . , n. (10)

In equations (10), xi(0)= ai , ẋi(0)= bi and q=(n− n2c2/4)1/2.
There are a total of n constants ai . Only n−1 are independent. The last one is obtained

from equation (8), evaluated at time t=0. A similar argument holds for the constants bi .
Equation (10) indicates that motion occurs with a single natural ‘‘frequency’’,

q=(n− n2c2/4)1/2.


